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Abstract
Integrable spin systems are an important subclass of integrable (soliton) nonlinear equa-
tions. They play important role in physics and mathematics. At present, many integrable
spin systems were found and studied. They are related with the motion of 3-dimensional
curves. In this paper, we consider a model of two moving interacting curves. Next, we find
its integrable reduction related with some integrable coupled spin system. Then we show that
this integrable coupled spin system is equivalent to the famous Manakov system.
1 Introduction
Among the integrable systems, the integrable spin systems in 1+1 and 2+1 dimensions play an
important role in physics and mathematics [1]-[15]. In physics, they describe nonlinear dynamics
of magnets. In differential geometry, they can reproduce some integrable classes of curves and
surfaces [16]-[26]. The first and the most known representative of the integrable spin systems is
the Heisenberg ferromagnetic equation (HFE) which has a form
iAt +
1
2
[A,Axx] = 0, (1.1)
where A = (A1, A2, A3) is a unit spin vector, A
2 = 1 and
A =
(
A3 A
−
A+ −A3
)
, A2 = I = diag(1, 1), A± = A1 ± iA2. (1.2)
The HFE is the Lakshmanan equivalent [7] to the nonlinear Schro¨dinger equation
iqt + qxx + 2|q|
2q = 0. (1.3)
Also, it is well-known that these equations are gauge equivalent to each other [8]. At present,
many integrable and nonintegrable spin systems were identified (see e.g. Refs.[27]-[40] and refer-
ences therein). One of such spin systems is the Myrzakulov-LIII equation or shortly, the M-LIII
equation1. The M-LIII equation reads as [11]-[35]
iAt +
1
2
[A,Axx] + iuAx = 0, (1.4)
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1Here LIII ≡ 53 so that M-LIII ≡ M-53 and the M-LIII equation ≡ the M-53 equation.
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where u = u(t, x) is some real function (potential). The modified (inhomogeneous) M-LIII equation
looks like
iAt +
1
2
[A,Axx] + iuAx + F = 0, (1.5)
where F is a matrix function. In this paper, we study the two-layer (”two-component”) general-
ization of the modified M-LIII equation (1.5) or in short, the coupled M-LIII equation.
The paper is organized as follows. In Sec. 2, the coupled M-LIII equation is introduced. In
Sec. 3, we derived the Lakshmanan equivalent counterpart of the M-LIII equation, namely, the
Manakov system. In Sec. 4, we present two types of Lax representations of the coupled M-LIII
equation. In Sec. 5, the relation between the solutions of the Manakov system and the M-LIII
equation is established. The gauge equivalent counterpart of the Manakov system is presented in
Sec. 6. The relation between solutions of the coupled M-LIII equation and the Γ-spin system is
considered in Sec. 7. At last, Sec. 8 is devoted to Conclusions.
2 The coupled M-LIII equation
Consider two spin vectors A = (A1, A2, A3) and B = (B1, B2, B3), where A
2 = B2 = 1. Let these
spin vectors satisfy the coupled Myrzakulov-LIII equation or the 2-layer Myrzakulov-LIII equation
of the form [39]-[46]
iAt +
1
2
[A,Axx] + iu1Ax + F = 0, (2.1)
iBt +
1
2
[B,Bxx] + iu2Bx + E = 0. (2.2)
Here uk are real functions, F and E are matrix functions, B is the matrix form of the B (second
spin vector)
B =
(
B3 B
−
B+ −B3
)
, F =
(
F3 F
−
F+ −F3
)
, E =
(
E3 E
−
E+ −E3
)
, (2.3)
where B± = B1 ± iB2, B
2 = I, F± = F1 ± iF2, E
± = E1 ± iE2. We now introduce two
complex functions u and v as
u =
A+
1 +A3
, v =
B+
1 +B3
. (2.4)
Then these functions satisfy the following set of equations
iut − uxx +
2u∗u2x
1 + |u|2
= F ′, (2.5)
ivt − vxx +
2v∗v2x
1 + |v|2
= E′, (2.6)
where F ′ and E′ are some complex functions
F ′ = F ′(u, v, ux, vx, ...), (2.7)
E′ = E′(u, v, ux, vx, ...). (2.8)
In this paper, we assume that F and E have the form
F = v1[σ3, A], E = v2[σ3, B], (2.9)
where vj are some real functions (potentials). Then the coupled M-LIII equation (2.1)-(2.2) takes
the form
iAt +
1
2
[A,Axx] + iu1Ax + v1[σ3, A] = 0, (2.10)
iBt +
1
2
[B,Bxx] + iu2Bx + v2[σ3, B] = 0. (2.11)
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Here uj and vj are coupling potentials and have the following forms
u1 =
i(Z¯B− − ZB+)
W (1 +B3)
, (2.12)
v1 = −
|Z|2
2W (1 +A3)2
, (2.13)
u2 =
i(R¯A− −RA+)(1 +B3)
W (1 +A3)2
, (2.14)
v2 = −
|R|2
2W (1 +A3)3
, (2.15)
where
W = 2 +
(1 +A3)(1 −B3)
1 +B3
, (2.16)
R = WA−x −MA
−, (2.17)
Z = W [(1 +A3)(1 +B3)
−1B−]x −M [(1 +A3)(1 +B3)
−1B−], (2.18)
M = A3x +
A+A−x
1 +A3
+
A3x(1−B3)
1 +B3
+
(1 +A3)B
+B−x
(1 +B3)2
−
(1 +A3)(1 −B3)B3x
(1 +B3)2
. (2.19)
In components, the 2-layer M-LIII equation (2.10)-(2.11) reads as
iA+t + (A
+A3xx −A
+
xxA3) + iu1A
+
x − 2v1A
+ = 0, (2.20)
iA−t − (A
−A3xx −A
−
xxA3) + iu1A
−
x + 2v1A
− = 0, (2.21)
iA3t +
1
2
(A−A+xx −A
−
xxA
+) + iu1A3x = 0, (2.22)
iB+t + (B
+B3xx −B
+
xxB3) + iu2B
+
x − 2v2B
+ = 0, (2.23)
iB−t − (B
−B3xx −B
−
xxB3) + iu2B
−
x + 2v2B
− = 0, (2.24)
iB3t +
1
2
(B−B+xx −B
−
xxB
+) + iu2B3x = 0 (2.25)
or
A1t +A2A3xx −A2xxA3 + u1A1x − 2v1A2 = 0, (2.26)
A2t +A3A1xx −A3xxA1 + u1A2x − 2v1A1 = 0, (2.27)
A3t +A1A2xx −A1xxA2 + u1A3x = 0, (2.28)
B1t +B2B3xx −B2xxB3 + u2B1x − 2v2B2 = 0, (2.29)
B2t +B3B1xx −B3xxB1 + u2B2x − 2v2B1 = 0, (2.30)
B3t +B1B2xx −B1xxB2 + u2B3x = 0. (2.31)
3 Lakshmanan equivalent counterpart of the coupled M-
LIII equation
In this section, we present the Lakshmanan equivalent counterpart of the coupled M-LIII equation
(2.10)-(2.11). To do that, let us rewrite the 2-layer M-LIII equation (2.10)-(2.11) in the vector
form as [39]-[46]
At +A ∧Axx + u1Ax + 2v1H ∧A = 0, (3.1)
Bt +B ∧Bxx + u2Bx + 2v2H ∧B = 0, (3.2)
where H = (0, 0, 1) is the constant magnetic field. Now we consider two interacting 3-dimensional
curves in Rn. These curves are given by the following two basic vectors ek and lk. The motion of
these curves is defined by the following equations
 e1e2
e3


x
= C

 e1e2
e3

 ,

 e1e2
e3


t
= D

 e1e2
e3

 (3.3)
3
and 
 l1l2
l3


x
= L

 l1l2
l3

 ,

 l1l2
l3


t
= N

 l1l2
l3

 . (3.4)
Here e1, e2 and e3 are the unit tangent, normal and binormal vectors respectively to the first curve,
l1, l2 and l3 are the unit tangent, normal and binormal vectors respectively to the second curve, x
is the arclength parametrising these both curves. The matrices C,D,L,N are given by
C =

 0 k1 0−k1 0 τ1
0 −τ1 0

 , G =

 0 ω3 −ω2−ω3 0 ω1
ω2 −ω1 0

 , (3.5)
L =

 0 k2 0−k2 0 τ2
0 −τ2 0

 , N =

 0 θ3 −θ2−θ3 0 θ1
θ2 −θ1 0

 . (3.6)
For the curvatures and torsions of curves we obtain
k1 =
√
e21x, τ1 =
e1 · (e1x ∧ e1xx)
e21x
, (3.7)
k2 =
√
l21x, τ2 =
l1 · (l1x ∧ l1xx)
l21x
. (3.8)
The equations (3.3) and (3.4) are compatible if
Ct −Gx + [C,G] = 0, (3.9)
Lt −Nx + [L,N ] = 0, (3.10)
respectively. In elements these equations take the form
k1t = ω3x + τ1ω2, (3.11)
τ1t = ω1x − k1ω2, (3.12)
ω2x = τ1ω3 − k1ω1 (3.13)
and
k2t = θ3x + τ2θ2, (3.14)
τ2t = θ1x − k2θ2, (3.15)
θ2x = τ2θ3 − k2θ1, (3.16)
respectively. Our next step is the following identifications:
A ≡ e1, B ≡ l1. (3.17)
We also assume that
F = F1e1 + F2e2 + F3e3, E = E1l1 + E2l2 + E3l3, (3.18)
where
F = 2v1H ∧A, E = 2v2H ∧B. (3.19)
Then we obtain
k1 =
√
A2x, (3.20)
τ1 =
A · (Ax ∧Axx)
A2x
, (3.21)
k2 =
√
B2x, (3.22)
τ2 =
B · (Bx ∧Bxx)
B2x
(3.23)
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and
ω1 = −
k1xx + F2τ1 + F3x
k1
+ (τ1 − u1)τ1, (3.24)
ω2 = k1x + F3, (3.25)
ω3 = k1(τ1 − u1)− F2, (3.26)
θ1 = −
k2xx + E2τ2 + E3x
k2
+ (τ2 − u2)τ2, (3.27)
θ2 = k2x + E3, (3.28)
θ3 = k2(τ2 − u2)− E2 (3.29)
with
F1 = E1 = 0. (3.30)
We now can write the equations for kj and τj . They look like
k1t = 2k1xτ1 + k1τ1x − (u1k1)x − F2x + F3τ1, (3.31)
τ1t =
[
−
k1xx + F2τ1 + F3x
k1
+ (τ1 − u1)τ1 −
1
2
k21
]
x
− F3k1, (3.32)
k2t = 2k2xτ2 + k2τ2x − (u2k2)x − E2x + E3τ2, (3.33)
τ2t =
[
−
k2xx + E2τ2 + E3x
k2
+ (τ2 − u2)τ2 −
1
2
k22
]
x
− E3k2. (3.34)
Let us now introduce new four real functions αj and βj as
α1 = 0.5k1
√
1 + ζ1, (3.35)
β1 = τ1(1 + ξ1), (3.36)
α2 = 0.5k2
√
1 + ζ2, (3.37)
β2 = τ2(1 + ξ2), (3.38)
where
ζ1 =
2|WA−x −MA
−|2
W 2(1 +A3)2A2x
− 1, (3.39)
ζ2 =
2|W [(1 +A3)(1 +B3)
−1B−]x −M [(1 +A3)(1 + B3)
−1B−]|2
W 2(1 +A3)2B2x
− 1, (3.40)
ξ1 =
R¯xR− R¯Rx − 4i|R|
2νx
2iα21W
2(1 +A3)2τ1
− 1, (3.41)
ξ2 =
Z¯xZ − Z¯Zx − 4i|Z|
2νx
2iα22W
2(1 +A3)2τ2
− 1. (3.42)
Here
ν = ∂−1x
[
A1A2x −A1xA2
(1 +A3)W
−
(1 +A3)(B1xB2 −B1B2x)
(1 +B3)2W
]
. (3.43)
We now ready to write the equations for the functions αi and βj. They satisfy the following
four equations
α1t − 2α1xβ1 − α1β1x = 0, (3.44)
β1t +
[
α1xx
α1
− β21 + 2(α
2
1 + α
2
2)
]
x
= 0, (3.45)
α2t − 2α2xβ2 − α2β2x = 0, (3.46)
β2t +
[
α2xx
α2
− β22 + 2(α
2
1 + α
2
2)
]
x
= 0. (3.47)
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Let us now we introduce new two complex functions using by the A-transformation. The A-
transformation reads as (see e.g. [39]-[46])
q1 = α1e
−i∂−1
x
β1 , (3.48)
q2 = α2e
−i∂−1
x
β2 . (3.49)
Sometime we use the following explicit form of the A-transformation
q1 = 0.5k1
√
1 + ζ1e
−i∂−1
x
[τ1(1+ξ1)], (3.50)
q2 = 0.5k2
√
1 + ζ2e
−i∂−1
x
[τ2(1+ξ2)]. (3.51)
It is not difficult to verify that these new complex functions qj satisfy the following system of
equations (see e.g. [38])
iq1t + q1xx + 2(|q1|
2 + |q2|
2)q1 = 0, (3.52)
iq2t + q2xx + 2(|q1|
2 + |q2|
2)q2 = 0. (3.53)
It is nothing but the Manakov system. So we proved that the Manakov system (3.52)-(3.53) is the
Lakshmanan equivalent counterpart of the 2-layer M-LIII equation (2.10)-(2.11) or in the vector
form (3.1)-(3.2). Finally we note that if ζj = ξj = 0 then the A-transformation (3.48)-(3.49) or
(3.50)-(3.51) reduces to the Hasimoto transformation
q1 = 0.5κ1e
−i∂−1
x
τ1 , (3.54)
q2 = 0.5κ2e
−i∂−1
x
τ2 . (3.55)
4 Lax representation of the coupled M-LIII equation hier-
archy
In the previous section we have shown that the coupled M-LIII equation is the Lakshmanan
equivalent to the Manakov system. This means that the coupled M-LIII equation is integrable by
the IST method since its equivalent counterpart - the Manakov system is integrable. In turn, it
means that the M-LIII equation admits all ingredients of integrable systems like Lax representation
(LR), infinite number of commuting integrals of motion, n-soliton solutions etc. Below we present
two possible versions of the LR for the M-LIII equation hierarchy.
4.1 LR type - I
The first type of LR for the coupled M-LIII equation hierarchy reads as
Yx = −iλPY, (4.1)
Yt =
N∑
j=1
λjVjY, (4.2)
where λ is a spectral parameter and
P =
1
2 +K


2A3 −K 2A
− 2(1+A3)B
−
1+B3
2A+ −(2A3 +K)
2A+B−
1+B3
2(1+A3)B
+
1+B3
2A−B+
1+B3
K − 2

 , (4.3)
with K = (1+A3)(1−B3)(1+B3)
−1. The compatibility condition of this system gives the coupled
M-LIII equation hierarchy. As the particular example, let us consider the case when N = 2. Then
the set of equations (4.1)-(4.2) takes the form
Yx = −iλPY, (4.4)
Yt =
(
λ2V2 + λV1
)
Y, (4.5)
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where
V2 = −2iP, V1 = PPx. (4.6)
The compatibility condition of the equations (4.4)-(4.5) gives the 2-layerM-LIII equation (2.10)-
(2.11) or (3.1)-(3.2) that is same.
4.2 LR type - II
The second type of LR for the coupled M-LIII equation hierarchy can be written in the following
form
Yx = −iλQY, (4.7)
Yt =
N∑
j=1
λjWjY. (4.8)
Here
Q = Q1 +Q2, (4.9)
where
Q1 =


0 A1 A2 A3
−A1 0 A3 −A2
−A2 −A3 0 A1
−A3 A2 −A1 0

 , Q2 =


0 B1 B2 −B3
−B1 0 B3 B2
−B2 −B3 0 −B1
B3 −B2 B1 0

 . (4.10)
From the compatibility condition of the set of equations (4.7)-(4.8) Yxt = Ytx we obtain the coupled
M-LIII equation hierarchy.
5 Relation between solutions of the coupled M-LIII equa-
tion and the Manakov system
Let Aj and Bj be the solution of the coupled M-LIII equation (2.10)-(2.11). Then the solution of
the Manakov system (3.52)-(3.53) is given by
q1 =
Re2iν
W (1 +A3)
, (5.1)
q2 =
Ze2iν
W (1 +A3)
. (5.2)
6 Gauge equivalence between the Γ-spin system and the
Manakov system
Above, we have proved that the coupled M-LIII equation (2.10)-(2.11) and the Manakov system
(3.52)-(3.53) is the Lakshmanan equivalent to each other. In this section, we want to present the
another (gauge) equivalent counterpart of the Manakov system. It is well-known that the Lax
representation of the Manakov equation (3.52)-(3.53) has the form (see e.g. [38])
Φx = UΦ, (6.1)
Φt = V Φ. (6.2)
Here
U = −iλΣ+ U0, V = −2iλ
2Σ+ 2λU0 + V0 (6.3)
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with
Σ =

 1 0 00 −1 0
0 0 −1

 , U0 =

 0 q1 q2−q¯1 0 0
−q¯2 0 0

 , V0 = i

 |q1|
2 + |q2|
2 q1x q2x
q¯1x −|q1|
2 −q¯1q2
q¯2x −q¯2q1 −|q2|
2

 .(6.4)
Let us now consider the gauge transformation
Ψ = g−1Φ, g = Φλ=0. (6.5)
Then Ψ obeys the equations
Ψx = U
′Ψ, (6.6)
Ψt = V
′Ψ, (6.7)
where
U ′ = −iλΓ, V ′ = −2iλ2Γ +
1
2
λ[Γ,Γx]. (6.8)
Here
Γ = g−1Σg, Γ2 = I (6.9)
and
Γ =

 Γ11 Γ12 Γ13Γ21 Γ22 Γ23
Γ31 Γ32 Γ33

 . (6.10)
Elements of the Γ matrix satisfy some restrictions
Γ33 = −(1 + Γ11 + Γ22), Γij = Γ¯ji, (6.11)
and
ΓikΓkj + Γi(k+1)Γ(k+1)i + Γi(k+2)Γ(k+2)i = 0, (i 6= k 6= j), (6.12)
ΓikΓki + Γi(k+1)Γ(k+1)i + Γi(k+2)Γ(k+2)i = 1. (6.13)
The compatibility condition of the equations (5.6)-(5.7) gives
iΓt +
1
2
[Γ,Γxx] = 0. (6.14)
We call this equation - the Γ-spin system. Thus the Γ-spin system (6.14) is the gauge equivalent
counterpart of the Manakov system (3.52)-(3.53). It is the well-known result (see e.g. [38]). In
terms of elements, the Γ-spin system (6.14) reads as
iΓ11t +
1
2
(Γ12Γ21xx + Γ13Γ31xx − Γ12xxΓ21 − Γ13xxΓ31) = 0,(6.15)
iΓ12t +
1
2
(Γ11Γ12xx + Γ12Γ22xx + Γ13Γ32xx − Γ11xxΓ12 − Γ12xxΓ22 − Γ13xxΓ32) = 0,(6.16)
iΓ13t +
1
2
(Γ11Γ13xx + Γ12Γ23xx + Γ13Γ33xx − Γ11xxΓ13 − Γ12xxΓ23 − Γ11xxΓ13) = 0,(6.17)
iΓ21t +
1
2
(Γ21Γ11xx + Γ22Γ21xx + Γ23Γ31xx − Γ21xxΓ11 − Γ22xxΓ21 − Γ23xxΓ31) = 0,(6.18)
iΓ22t +
1
2
(Γ21Γ12xx + Γ23Γ32xx − Γ21xxΓ12 − Γ23xxΓ32) = 0,(6.19)
iΓ23t +
1
2
(Γ21Γ13xx + Γ22Γ23xx + Γ23Γ33xx − Γ21xxΓ13 − Γ22xxΓ23 − Γ23xxΓ33) = 0,(6.20)
iΓ31t +
1
2
(Γ31Γ11xx + Γ32Γ21xx + Γ33Γ31xx − Γ31xxΓ11 − Γ32xxΓ21 − Γ33xxΓ31) = 0,(6.21)
iΓ32t +
1
2
(Γ31Γ12xx + Γ32Γ22xx + Γ33Γ32xx − Γ31xxΓ12 − Γ32xxΓ22 − Γ33xxΓ32) = 0,(6.22)
iΓ33t +
1
2
(Γ31Γ13xx + Γ32Γ23xx − Γ31xxΓ13 − Γ32xxΓ23) = 0.(6.23)
8
7 Relation between solutions of the coupled M-LIII equa-
tion and the Γ-spin system
In the previous sections we have shown that to the one and same set of equations - the Manakov
system (3.52)-(3.53), correspond two spin systems: the coupled M-LIII equation (3.1)-(3.2) and
the Γ-spin system (6.14). It tells us that between these two spin systems there must be some exact
relation/correspondence. In other words, the 2-layer M-LIII equation (2.10)-(2.11) and the Γ-spin
system (6.14) are equivalent to each other by some exact transformations. Below we will present
these transformations.
7.1 Direct M-transformation
According to the M-transformation, in terms of the spin vectors A and B, the elements of the
Γ-spin system are expressed as
Γ =
1
2 +K


2A3 −K 2A
− 2(1+A3)B
−
1+B3
2A+ −(2A3 +K)
2A+B−
1+B3
2(1+A3)B
+
1+B3
2A−B+
1+B3
K − 2

 , (7.1)
where
K =
(1 +A3)(1−B3)
1 +B3
. (7.2)
This is the direct M-transformation. This M-transformation allows us to find solutions of the
Γ-spin system (6.14) if we know the solutions of the coupled M-LIII equation (2.10)-(2.11).
7.2 Inverse M-transformation
According to the inverse M-transformation, solutions of the coupled M-LIII equation can be ex-
pressed by the components of the Γ-spin system as
A =
1
1− Γ33
(
Γ11 − Γ22 2Γ12
2Γ21 Γ22 − Γ11
)
, (7.3)
B =
1
1− Γ22
(
Γ11 − Γ33 2Γ13
2Γ31 Γ33 − Γ11
)
. (7.4)
The transformations (7.3)-(7.4) is called the inverse M-transformation. Using the inverse M-
transformation, we can find solutions of the coupled M-LIII equation (2.10)-(2.11), if we know
the solutions of the Γ-spin system (6.14).
8 Conclusions
In this paper, we have shown how the dynamics of two interacting and moving curves in some
space Rn can be related to the dynamics of the coupled spin systems, namely, the coupled M-LIII
equation. Next, after some algebra we have proved that these two interacting and moving curves
are related with the Manakov system. On the other hand, it is well-known that the Manakov
system is equivalent to the Γ-spin system. Also, we have presented the transformations which
established the relation between solutions of the Γ-spin system and the coupled M-LIII equation.
Our results can also be generalized to higher dimensional spaces (see e.g. refs. [39]-[46]). Work
along these lines is in progress.
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